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We study analytically the asymptotic quasinormal spectrum of fermionic fields in the Kerr space-
time. We find an analytic expression for these black-hole resonances in terms of the black-hole
physical parameters: its Bekenstein-Hawking temperature TBH , and its horizon’s angular velocity
Ω, which is valid in the asymptotic limit 1 ≪ ωI ≪ ωR. It is shown that according to Bohr’s
correspondence principle, the emission of a Rarita-Schwinger quantum (s = 3/2) corresponds to
a fundamental black-hole area change ∆A = 4h¯ ln 2, while the emission of a Weyl neutrino field
(s = 1/2) corresponds to an adiabatic quantum transition with ∆A = 0.
Gravitational waves emitted by a perturbed black hole
are dominated by ‘quasinormal ringing’, damped oscilla-
tions with a discrete spectrum (see e.g., [1] for a detailed
review). At late times, all perturbations are radiated
away in a manner reminiscent of the last pure dying tones
of a ringing bell [2–5]. Being the characteristic ‘sound’
of the black hole itself, these free oscillations are of great
importance from the astrophysical point of view. They
allow a direct way of identifying the spacetime parame-
ters (especially, the mass and angular momentum of the
black hole). This has motivated a flurry of activity with
the aim of computing the spectrum of black-hole oscilla-
tions.
It turns out that for a Schwarzschild black hole, for
a given angular harmonic index l there exist an infinite
number of quasinormal modes, for n = 0, 1, 2, . . ., char-
acterizing oscillations with decreasing relaxation times
(increasing imaginary part) [6,7]. On the other hand,
the real part of the Schwarzschild black-hole frequencies
approaches an asymptotic constant value [8,9].
The quasinormal modes (QNMs) have been the sub-
ject of much recent attention (see [10] for a detailed list of
references), with the hope that these classical resonances
may shed some light on the elusive theory of quantum
gravity. These recent studies are motivated by an ear-
lier work [11], in which a possible correspondence be-
tween the black-hole classical resonances and the quan-
tum properties of its surface area was suggested.
The quantization of black holes was proposed long ago
by Bekenstein [12,13], based on the remarkable observa-
tion that the horizon area of a non-extremal black hole
behaves as a classical adiabatic invariant. In the spirit of
the Ehrenfest principle [14] – any classical adiabatic in-
variant corresponds to a quantum entity with a discrete
spectrum, and based on the idea of a minimal increase
in black-hole surface area [12], it was conjectured that
the horizon area of a quantum black hole should have a
discrete spectrum of the form
An = γℓ
2
P · n ; n = 1, 2, 3, . . . , (1)
where γ is a dimensionless constant, and ℓP = (Gh¯/c
3)1/2
is the Planck length (we use units in which G = c = h¯ = 1
henceforth). This type of area quantization has since
been reproduced based on various other considerations
(see e.g., [15] for a detailed list of references).
In order to determine the value of the coefficient γ,
Mukhanov and Bekenstein [16–18] have suggested, in the
spirit of the Boltzmann-Einstein formula in statistical
physics, to relate gn ≡ exp[SBH(n)] to the number of
the black hole microstates that correspond to a partic-
ular external macro-state, where SBH is the black-hole
entropy. In other words, gn is the degeneracy of the nth
area eigenvalue. Now, the thermodynamic relation be-
tween black-hole surface area and entropy, SBH = A/4h¯,
can be met with the requirement that gn has to be an
integer for every n only when
γ = 4 lnk , (2)
where k is some natural number.
Identifying the value of k requires further input. This
information may emerge by applying Bohr’s correspon-
dence principle to the (discrete) quasinormal mode spec-
trum of black holes. Based on the correspondence prin-
ciple, it was argued [11] that the asymptotic resonances
are given by (we assume a time dependence of the form
e−iωt),
ω = T sBH ln 3− i2πT
s
BH(n+
1
2
) , (3)
where T sBH = 1/8πM is the Bekenstein-Hawking tem-
perature of the Schwarzschild black hole. An analytical
proof of this equality was later given in [19].
The emission of a quantum of frequency ω results in
a change ∆M = h¯ωR in the black-hole mass. Assuming
that ω corresponds to the asymptotic limit Eq. (3), and
using the first-law of black-hole thermodynamics ∆M =
1
4T
s
BH∆A, this implies a change ∆A = 4h¯ ln 3 in the black
hole surface area. Remarkably, this value is in accord
with the Bekenstein-Mukhanov prediction, Eq. (2).
The possible correspondence between the black-hole
classical resonances and the quantum properties of its
surface area has triggered a flurry of research attempting
to calculate the asymptotic ringing frequencies of various
1
types of black holes (for a detailed list of references see,
e.g., [10]). For instance, the asymptotic QNM spectrum
of the Reissner-Nordstro¨m (RN) black hole was calcu-
lated in [20]. This was followed by an analytical calcula-
tion of the asymptotic QNM frequencies of a charged field
in the RN spacetime [21]. The results presented in [20,21]
indicate that the asymptotic resonances of a charged field
correspond to a fundamental black-hole area change of
∆A = 4h¯ ln 2, in accord with the general prediction Eq.
(2).
It should be emphasized, however, that less is known
about the corresponding QNM spectrum of the generic
(rotating) Kerr black hole, which is the most interesting
from a physical point of view. Former studies of the Kerr
asymptotic spectrum [6,22–26] used numerical tools, and
there are in fact no analytical results for the asymptotic
QNM frequencies of the Kerr black hole. In this work we
provide analytical formulae for the Kerr QNM spectrum
in the asymptotic limit 1 ≪ ωI ≪ ωR. We consider
fermionic modes, characterized by half-integer spins.
The dynamics of fermionic fields in the Kerr spacetime
is governed by the Teukolsky equation [27]
∆
d2Rlm
dr2
+ (s+ 1)(2r − 2M)
dRlm
dr
+ V (r)Rlm = 0 , (4)
with
V (r; a, ω, s, l,m) = ∆−1[(r2 + a2)2ω2 − 2maωr + a2m2]
+is∆−1[ma(2r − 2M)− ω(r2 − a2)]
+2isωr− (aω)2 −Aslm , (5)
where ∆ ≡ (r − r+)(r − r−) [r± = M ± (M
2 − a2)1/2
are the black hole (event and inner) horizons], and a ≡
J/M is the black hole angular momentum per unit mass.
The field spin-weight parameter s takes the values ±1/2
and ±3/2 for a two-component Weyl neutrino field, and
for a Rarita-Schwinger field, respectively. The angular
separation constants Aslm(aω) are determined from an
independent differential equation [6], which governs the
angular dependence of the field.
The black hole QNMs correspond to solutions of the
wave equation with the physical boundary conditions of
purely outgoing waves at spatial infinity and purely ingo-
ing waves crossing the event horizon [28]. Such boundary
conditions single out a discrete set of resonances {ωn}.
The solution to the radial Teukolsky equation may be
expressed as [6] (assuming an azimuthal dependence of
the from eimφ)
Rlm = e
iωr(r − r−)
−1−s+i2Mω+iσ+ (r − r+)
−s−iσ+
Σ∞n=0dn
(r − r+
r − r−
)n
, (6)
where σ+ ≡ (ωr+ −ma)/(r+ − r−).
The sequence of expansion coefficients {dn : n =
1, 2, . . .} is determined by a recurrence relation of the
form [6]
αndn+1 + βndn + γndn−1 = 0 , (7)
with initial conditions d0 = 1 and α0d1 + β0d0 = 0. The
recursion coefficients αn, βn, and γn are given in [6]. The
quasinormal frequencies are determined by the require-
ment that the series in Eq. (6) is convergent, that is Σdn
exists and is finite [6].
The physical content of the recursion coefficients be-
comes clear when they are expressed in terms of the
black-hole physical parameters [10]: the Bekenstein-
Hawking temperature TBH = (r+− r−)/A, and the hori-
zon’s angular velocity Ω = 4πa/A, where A = 4π(r2++a
2)
is the black-hole surface area. The recursion coefficients
obtain a simple form in terms of these physical quantities,
αn = (n+ 1)(n+ 1− s− 2iβ+ωˆ) , (8)
βn = −2(n+
1
2
− 2iβ+ωˆ)(n+
1
2
− 2iωr+)
−λslm − s−
1
2
, (9)
and
γn = (n− 4iMω)(n+ s− 2iβ+ωˆ) , (10)
where β+ ≡ (4πTBH)
−1 is the black-hole inverse temper-
ature, ωˆ ≡ ω −mΩ, and λslm ≡ Aslm + (aω)
2
− 2maω.
The angular separation constants Aslm(aω) are deter-
mined by an independent recurrence relation [6]. The
asymptotic large aωR limit of the angular separation con-
stants is given by [29–32]
Aslm = −(aω)
2 + 2q
(1)
slmaω + q
(0)
slm + q
(−1)
slm (aω)
−1 + · · · ,
(11)
where the expansion coefficients {q
(n)
slm} are given in
[31,32]. Remarkably, one finds
Aslm = −(aω)
2 + 2maω +O(1) , (12)
for fermionic modes characterized by l = m+ |s|− 12 , thus
yielding λslm = O(1) in these cases.
The Teukolsky equation also describes the propagation
of fermionic fields in the RN spacetime [33] [one should
simply replace r± = M ± (M
2 − a2)1/2 by r± = M ±
(M2 − Q2)1/2, and take a = 0 elsewhere. In addition,
Aslm = l(l + 1)− s(s + 1) for the spherically symmetric
RN spacetime [6].] The spectrum of the RN QNMs may
be found using a recursion relation of the form Eq. (7).
The {αn} and {γn} coefficients of the RN perturbations
have exactly the same form as in the Kerr case (where for
the RN black hole ωˆ = ω). In addition, one finds βRNn =
βKerrn + λslm(aω). Taking cognizance of the asymptotic
limit Eq. (12), one finds that for fermionic modes with
l = m+|s|− 12 the {βn} coefficients of the Kerr black hole
2
coincide with those of the RN black hole (in addition to
the coincidence of the {αn} and {γn} terms).
Thus, one finds that the asymptotic quasinormal fre-
quencies of fermionic fields (with l = m+ |s| − 12 ) in the
Kerr spacetime are related to the corresponding asymp-
totic frequencies of the RN black hole. The asymptotic
1≪ ωI behavior of the RN resonances is determined by
the equation [20,34]
e−4piβ+ω = 1 , (13)
for the two-component Weyl field, and by [20,35]
2e−4piβ+ω + 3e−8piMω = −1 , (14)
for the Rarita-Schwinger field.
The preceding discussion indicates that expressions
similar to Eqs. (13) and (14) must hold true for the
asymptotic QNMs of fermionic fields (with l = m+|s|− 12 )
in the Kerr black-hole spacetime. Equations (13) and
(14) suggest that the spectrum depends on the combina-
tions β+ω and Mω appearing in Eqs. (8)-(10), but does
not depend explicitly on ωr+. From Eqs. (8)-(10) one
learns that the analogy between the asymptotic spectrum
of fermionic fields in the Kerr spacetime, and the corre-
sponding spectrum in the RN spacetime is obtained by
applying the transformation β+ω → β+ωˆ in Eqs. (13)
and (14). Using this transformation, one finds that the
asymptotic 1≪ ωI ≪ ωR quasinormal spectrum of neu-
trino modes with l = m is determined by the equation
e−4piβ+(ω−mΩ) = 1 , (15)
thus yielding
ω = mΩ− i2πTBHn . (16)
The corresponding spectrum of a Rarita-Schwinger field
with l = m+ 1 is given by
2e−4piβ+(ω−mΩ) + 3e−8piMω = −1 , (17)
thus yielding
ω = mΩ + TBH ln 2− i2πTBH(n+
1
2
) . (18)
The emission of a quantum of frequency ω and az-
imuthal number m results in a change ∆M = h¯ωR in the
black-hole mass, and a change ∆J = mh¯ in its angular
momentum. Substituting the fundamental resonances,
Eqs. (17) and (18), into the first law of black-hole ther-
modynamics
∆M =
1
4
TBH∆A+Ω∆J , (19)
one obtains
∆A = 0 , (20)
for the Weyl neutrino field, and
∆A = 4h¯ ln 2 , (21)
for the Rarita-Schwinger field.
Thus, the emission of a neutrino quantum (with l = m
andm≫ 1) from a Kerr black hole corresponds to an adi-
abatic transition, for which there is no net change in the
black-hole surface area (though the mass and angular-
momentum of the black hole have been changed by the
emission). We note that, remarkably this is a generic fea-
ture of asymptotic neutrino resonances: they correspond
to ∆A = 0 for both the Schwarzschild [19], RN [33], and
Kerr black holes.
The emission of a Rarita-Schwinger fermion (with l =
m + 1 and m ≫ 1) results with a fundamental change
∆A = 4h¯ ln 2 in black-hole surface area. Remarkably,
this fundamental change in the surface area is in accord
with the Bekenstein-Mukhanov general prediction, Eq.
(2).
In summary, motivated by novel results in the theory
of black-hole quantization, we have studied analytically
the QNM spectrum of fermionic fields in the Kerr black-
hole spacetime. It was shown that in the asymptotic
limit 1 ≪ ωI ≪ ωR, these black-hole resonances can be
expressed in terms of the black-hole physical parameters:
its temperature TBH , and its angular velocity Ω.
The analysis of the Kerr quasinormal spectrum enabled
us to test the applicability of Bohr’s correspondence prin-
ciple to the quantization of black holes in generalized
situations, in which there is no one-to-one correspon-
dence between the energy of the emitted quantum and
the resulting change in black-hole surface area [The Kerr
black hole has a chemical potential, in the form of the
black-hole angular velocity Ω, see Eq. (19).] We have
shown that according to the correspondence principle,
the emission of a Rarita-Schwinger quantum character-
ized by l = m + 1 induces a fundamental change in the
Kerr black-hole surface area, ∆A = 4h¯ ln 2. Remarkably,
this area unit is universal in the sense that it is inde-
pendent of the black-hole parameters. The emission of a
Weyl neutrino with l = m corresponds to an adiabatic
transition, in which there is no change in the black-hole
surface area.
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